An introduction to the theory of teleportation.
where |j ∈ H is a basis. The Hilbert-Schmidt condition comes from:
Writing ψ ⊗ ϕ|C = ψ| C |ϕ * (2.3)
makes it clear that the isomorphism depends on the anti-isomorphism of H and H * determined by picking a basis.
Entanglement
Entanglement of vectors |C ∈ H ⊗ H, being an intrinsic property of a bi-partite state, does not depend on how Alice and Bob chose bases, is encoded in unitary invariant properties of the positive part, |C| = √ C † C, of the polar decomposition
The eigenvalues of |C| are known as the Schmidt coefficients, [9] . Few simple useful facts are:
• Maximally entangled states correspond to
with c = 1/ √ d in the case C is normalized.
• Pure product states correspond to Rank|C| = 1 (2.6) (ρ A = CC † is the state of Alice and (C † C) t of Bob.)
• For normalized states the von-Neumann entropy
is a measure of entanglement.
Orthogonal bases
We shall denote by |Ĉ ξ with ξ ∈ 1, . . . , d 2 an orthonormal base in H ⊗ H:
The corresponding relations forĈ ξ are
Examples are:
• A basis of maximally entangled states [2] :
• A basis of pure product states:
Teleportation identity
The following identity holds in
The identity "teleports" |ψ from the left (Alice) to the right (Bob). Proof: Consider first the finite dimensional case. It is enough to show the identity:
Eq. (3.1) follows by multiplying both sides on the left by ½ ⊗ ½ ⊗ C t and using Eq. (2.1).
To show Eq. (3.2) note that by linearity it is enough to show it for |ψ a basis vector |a . Projecting on |Ĉ η Ĉ η | ⊗ ½ we find
The case d = ∞ follows from a limit argument.
Remote state preparation
A basic rule of quantum mechanics is that a measurement is a preparation of a quantum state. In particular, a measurement of Alice is a remote preparation of the quantum state of Bob. Applied to the teleportation identity, Eq. (3.1), this means that if Alice measures her systems to be in the state |Ĉ ξ , she has prepared Bob's state
The probability of Alice finding ξ, conditioned on the unknown state being |ψ , is :
If Alice communicates to Bob the result of her measurement, Bob can apply a unitary U ξ conditioned on ξ. The fidelity of teleportation (conditioned on |ψ ) weighted by the probability of the event ξ is
This shows [1] that the Bob's optimal choice of U ξ is one that undoes the unitary in the polar decomposition of T ξ (up to an overall phase). The optimal choice induces the state
in Bob's system.
Ideal teleportation
In the case that both the initially shared state |C and the basis |Ĉ ξ are maximally entangled (and normalized), we have, by Eqs. (2.5,3.1)
From Eq. (4.4), Bob recovered |ψ with perfect fidelity. Note that the probability of Alice finding ξ in this case is by Eqs. (3.1,4.2):
independent of ψ and ξ: Finding ξ gives no information on the state |ψ [8] . Had perfect teleportation allowed Alice to learn about the unknown state |ψ , it would allow for non-demolition measurements of unknown states.
Fidelity of teleportation
Known quantum state are, in principle, easy to teleport: Broadcast the preparation protocol. (In the case Alice and Bob are entangled, a single bit suffices, see [10] .) Quantum teleportation deals with the case that |ψ is unknown. In order to evaluate the average fidelity one needs to know the distribution of |ψ . In the case d < ∞ it is natural to assume that the distribution is uniformly distributed under the unitary group U (d). We shall denote the corresponding averaging by E(•). A standard formula for computing such averages [1] is given in Appendix A. The fidelity of teleportation of a given |ψ is
The average fidelity of is, by Eqs. 
where in the second line we used Eq. (2.9) to compute the sum over ξ and the normalization of |C , Eq. (2.2). Some special cases are:
•Ĉ ξ are maximally entangled and C any normalized shared state between Alice and Bob: Since
the average fidelity of teleportation
In the case that the shared state C is maximally entangled T r|C| = √ d and the average fidelity is 1. In the case that C is a pure product state T r|C| = 1 and the average fidelity is 2/(d + 1).
• C a pure product normalized shared state andĈ ξ any basis: Since C is rank one, so isT ξ and hence
It follows from Eq. (5.2) that
• The previous result has a simple interpretation: Suppose Alice measures |ψ A and finds |j A . The probability for this event is | ψ|j | 2 . She transmits to Bob her result and Bob prepares the state |j . The fidelity of the preparation with Alice original state is again | ψ|j | 2 . Hence the fidelity is
and its average, by Eq. (A.1) of the appendix, gives Eq. (5.6).
• C ξ are pure product states and C any normalized shared state: Since √ d |T ξ | are rank one projections and Eq. (5.5) holds, the average fidelity is
as in the classical setting.
Teleporting with continuous variables
When d = ∞, there are no maximally entangled states which are normalizable. In the case, H = L 2 (R d ), the analog of Bell pairs are EPR pairs [4] , represented by distributions. A basis of EPR pairs is parameterized by phase space, and is given in the coordinate representation, by
The extension of teleportation to EPR pairs is due to Vaidman [12] . The analog of the teleportation identity, Eq. (3.1), for EPR states is
where T q,p is a phase-space shifts given by:
The phase ϕ, being an overall phase, is immaterial for teleportation. For the sake of completeness, we list it anyway
The case of continuous variables poses several difficulties: First, unlike the finite dimensional case, there is no natural a-priori (finite) measure that represent the notion of a random |ψ and consequently no natural notion of average fidelity to optimize. Second, one can not prepare exact EPR states as they are not normalizable. These difficulties lead to various approximate schemes [3, 6, 7, 11, 13] .
A Averaging
Known quantum state are, in principle, easy to teleport: All one needs is broadcast its preparation protocol. Quantum teleportation deals with the case that |ψ is unknown. In order to evaluate different protocols, it is natural to assume that |ψ is uniformly distributed under the unitary group U (d).
To compute averages over |ψ the following is handy
To see this note, first, that the average is invariant under unitary transformations of C and D and so the result must be a linear combination of T r CD and T r C T r D. To see that they come with equal weight write |ψ = (ψ 1 , . . . , ψ d ) and then note that the correlator E(ψ j ψ kψm ψ n ) ∝ δ jk δ mn + δ jn δ mk (A.2)
by Wick theorem, or directly by symmetry under the exchange j ↔ m and phase averaging. It follows that
The constant of proportionality is determined by considering the special case C = D = ½.
